Abstract: We point out that the arguments of Zamolodchikov and others on the T T and similar deformations of two-dimensional field theories may be extended to the more general non-Lorentz invariant case, for example non-relativistic and Lifshitz-type theories. We derive results for the finite-size spectrum and S-matrix of the deformed theories.
Introduction
In 2004 Zamolodchikov [1] obtained analytic results for the expectation value of the operator O ≡ T zz Tzz − T 2 zz in a two-dimensional relativistic quantum field theory, where the T µν denote the components of the (euclidean) energy-momentum, or stress, tensor in complex coordinates. In particular he showed that it is well-defined by point-splitting, and that its vacuum expectation value is proportional to − T µ µ 2 .
Furthermore he showed that, when the field theory is compactified on a spatial circle of circumference R, the expectation value n|O|n in any eigenstate |n of energy and momentum is related to the expectation values n|T µ ν |n . This leads to a simple differential equation for how the energy spectrum at finite R evolves on deforming the action by a term ∝ O.
This has become known as the T T deformation of the original two-dimensional local field theory, and in recent years has become the object of some attention, one reason being that it turns out to be an example of a local field theory perturbed by irrelevant (nonrenormalizable) operators which nevertheless has a sensible UV completion which is not, however, itself a local QFT. It has been argued that this deformation corresponds to a modification of the S-matrix by CCD factors [2] [3] [4] , and corresponds [5, 6 ] to a dressing of the theory by Jackiw-Teitelboim [7, 8] gravity. The deformation of a free boson theory was shown [9] to correspond to the spectrum of the Nambu-Goto string, and like that theory, for one sign of the deformation it has a Hagedorn transition at finite temperature. The connection between the deformed S-matrix and the finite-size spectrum was verified in a number of integrable models [10] . It was also argued [11] that the opposite sign of the coupling is equivalent to going into the bulk in the context of the AdS-CFT correspondence.
The effect on scattering at finite energy density was discussed in [11] [12] [13] . Since these papers appeared the subject has received considerable attention: [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] are relevant to the present work.
In a previous paper [24] it was argued that the solvability of this deformation (which should be more correctly termed det T , since it reduces to T T only in the case of a CFT) may be explained in terms of coupling the theory to a random metric, whose action is itself topological. In that paper, Zamolodchikov's [1] original argument (which he gave in complex coordinates) was re-expressed in Cartesian coordinates. In this framework it is straightforward to see that his arguments, and those of [24] , generalize to non-Lorentzian invariant theories and more general deformations thereof. It is the purpose of this short note to document this.
det T deformation
As usual, we consider a sequence of theories T (t) on flat 2d space labelled by a real parameter t. T (0) is a local quantum field theory, although not necessarily Lorentz invariant (i.e. not rotationally invariant in Euclidean signature). We use Cartesian coordinates (x 0 , x 1 ) where x 0 is (Euclidean) time and x 1 is space, and the Euclidean metric is δ ij so we do not need to distinguish upper and lower indices.
We assume translational invariance in both coordinates, with generators H and P respectively when the theory is quantized on a constant x 0 interval. We assume that T (t) possess a local energy-momentum (stress) tensor with components T (t) ij , which may be viewed as the response to a strain field α i,j induced by a diffeomorphism
In particular
where T (t) 00 and T
10 are the energy and momentum densities respectively. The stress tensor is conserved:
where iT (t) 01 and T
11 are the energy and momentum fluxes respectively. However we do not assume that T (t) 10 = T (t) 01 , which would correspond to invariance under Euclidean rotations (Lorentz boosts). Note that such theories (for example non-relativistic fluids) may have additional conserved currents which may be incorporated into an enlarged stress-energymomentum-mass tensor, but we shall not consider this here. Our point of view is that T (0) is an emergent theory describing, for example, the long-wavelength low energy behavior of a condensed matter system with no further symmetries. In addition we assume there is no dissipation so the energy flux is the same as the heat flux.
The deformation is defined incrementally from T (t) to T (t+δt) by formally adding a term − 2δt e ik e jl T (t)
to the action, or, less formally, by inserting it into correlation functions. Here e is some 2 × 2 matrix which may itself depend on t. The two tensors e ik and e jl should be identical however, because of the symmetry under (ij) ↔ (kl). Lorentz invariance would demand that e ik is proportional to the Levi-Civita tensor ij , in which case the deformation is ∝ det T (t) and we recover the standard (so-called) T T deformation as discussed extensively in the literature. However, following the version of Zamolodchikov's argument [1] given in [24] , we may consider the variation of the point-split version of (2.3) (we drop the (t) superscripts for clarity)
∂ ym e ik e jl T ij (x)T kl (x + y) .
To proceed we require that the following identity holds:
By enumerating the different cases, it is straightforward to see that e must be proportional to the Levi-Civita symbol . The constant of proportionality may be absorbed into δt and henceforth we use rather than e. Thus we may write (2.4) as
where we have used ∂ l T kl = 0 and ∂ j T ij = 0. Thus, in any translationally invariant state,
for all y.
Zamolodchikov's argument [1] proceeds by considering the theory quantized on the periodic interval 0 ≤ x 1 ≤ R, and inserting a complete set of eigenstates m |m m| of H and P on the right hand side of (2.8). The fact that the result should be independent of y then implies that (E m , P m ) = (E n , P n ). Within each eigenspace we may then choose a basis in which T 00 ∝ H and T 10 ∝ P are diagonal, and thus without loss of generality take |m = |n . (2.8) then becomes n|T 00 T 11 − T 01 T 10 |n = n|T 00 |n n|T 11 |n − n|T 01 |n n|T 10 |n , (2.9) exactly as in [1] . This leads to the evolution equation for the eigenvalues E n of H [1]
00 |n n|T
Before proceeding, it is worth doing some dimensional analysis. In a non-Lorentz invariant theory, we should treat time x 0 and space x 1 as having separate dimensions
As usual we have n|T 00 |n = E n /R, n|T 11 |n is the pressure ∂ R E n (R), and n|T 10 |n = iP n /R, where P n = k n /R with k n ∈ 2πZ. For a Lorentz invariant theory, the energy flux n|T 01 |n also equals iP n /R, but in general this will have a more complicated dependence on both P n and the particular state n.
For a state with a dispersion relation E = ω n (P ) in infinite volume, it is reasonable to assume that the energy flux is the product of the energy density with the group velocity:
As we show below, this is in fact the only form for which the spectrum for large enough R is independent of t, as expected, but in principle the matrix element could also depend on t for finite values of (R/E n t). We assume that this is not the case, in order to make progress, although for states in which the expectation value of the energy current vanishes (e.g. states with P n = 0) this does not play a role. For a Lorentz invariant theory, with ω(P ) = √ M 2 + P 2 , (2.12) gives iP n /R as expected. However for a non-relativistic Galilean invariant theory
where ω(0) is the energy in the rest frame (possibly including a chemical potential) and M is the inertial mass. Thus, according to this assumption, 14) and thus for a gapless state we get iP 3 n /2M 2 n R ∝ R −4 . However this scaling behavior in the gapless case is more general and is independent of the detailed form of the energy current. This is because at such a critical point with non-trivial dynamic scaling (often referred to as Lifshitz, even though this actually refers to spatially anisotropic scaling), we have [x 0 ] ∼ [x 1 ] z , where z is the dynamic exponent, and therefore by dimensional analysis we have 15) where the constant of proportionality in general depends on the state. (In principle, it could also depend on t but again we assume this not to be the case.) With this input, the evolution equation for a general state is
where for a gapless state the last term is ∝ R −2z−1 . For R z+1 t we expect that E n (R) ∼ ω n (k n /R), independent of t, and indeed we see from (2.16) that this is the case, further justifying the ansatz (2.12).
In general we expect that and we then find, as for the relativistic case [1] , 18) and that the o(R) term also satisfies (2.16). When P n = 0 this is the inviscid Burgers equation as in the relativistic case, with the implicit solution E (t)
For a gapless state at P = 0 we have E
n (R) = C n R −z , which gives the implicit equation
While for integer z this equation has z (possibly complex) solutions, and more for fractional values, it can be shown that the physical solution becomes singular at some finite t > 0 if C n > 0 and at some finite t < 0 if C n < 0. In both cases, this occurs by collision with another single zero, so the singularity is of square root type, as in the Lorentz-invariant case with z = 1. However, it is interesting to note that while this solution is non-singular for t < 0, there are then in general complex solutions whose real part actually may correspond to a lower free energy. This is illustrated for the case z = 2 in Fig. 1 . A similar effect happens if C n < 0 with the reverse sign of t.
In general (2.16) may be solved by the method of characteristics: consider u(t) ≡ E (t) (r(t)) so that
If we then choose dr/dt = u, then du/dt = −V (r(t), where −V (R) is the last term on the right hand side of (2.16). This of course simply describes a Newtonian particle of velocity u in a potential V (r). By quadrature
We should solve for r(0) given r(t) = R, then
If P = 0, so V = 0, the solution is simple: r(t) = R = r(0) + tE (0) (r(0)), so if E (0) > 0, r(0) → 0 for some t < 0, and vice versa. But when V > 0 the particle is repelled from the origin and will reach it only if it starts with sufficient kinetic energy. As an example, consider the gapless case with V (R) = D/R 2z and E (0) (R) = C/R z . For P = 0 and C > 0 the particle reaches the origin at some t < 0, corresponding to the square root singularity in E (t) (R) already discussed. However for D > 0 it will reach the origin only if C > (2D) 1/2 . Thus the higher momentum modes do not become singular. This may be seen by explicit solution of (2.22).
Torus partition function
We may also treat partition functions using the path integral methods of [24] . In fact the discussion is almost identical so we summarize it only. The quadratic deformation may be decoupled by a gaussian transformation
where the integration is over a 2 × 2 matrix field h ij (not necessarily symmetric). The gaussian integral is dominated by its saddle-point h = h * , which is explicitly given by
The conservation equations ∂ j T ij = 0 then imply
so that
where α 0 , α 1 are arbitrary differentiable functions. Thus
The action at the saddle is then
which is a total derivative. For a torus, since only h needs to be single-valued and not necessarily α, as explained in more detail in [24] the only contribution comes from large Free energy F per unit length v. inverse temperature β for a deformed gapless system with z = 2. The lower curve corresponds to fixed t < 0 and exhibits the typical square root singularity of the Hagedorn transition. The upper curve is for t > 0: the free energy and internal energy are analytic at β = 0, so a continuation to negative temperature makes sense.
diffeomorphisms with 2α i,j = h ij = constant. This leads to the evolution equation for the partition function
where A is the area of the torus. This may be related to the response of the partition function to changing its moduli, although, as discussed in [6, 24] the argument is slightly subtle. If the torus is thought of as a parallelogram with corners
This equation is identical to that found for the Lorentz invariant case, because the deformation has the same form. However, although the differential operator on the right hand side is invariant under simultaneous rotations of L and L , and also modular invariant, since the initial condition Z (0) in general breaks both of these so does the solution. Note that both sides of (3.9) have dimensions [
If we now apply this symmetry to the case of rectangular torus with L = (0, L) and L = (β, 0) we come to the conclusion that the eigenvalues of T 11 dx 0 also satisfy (2.16). In particular in the limit when L β 1/z ,
In a gapless theory where f (0) (β) ∼ −cβ −1/z , with c > 0 for convexity, it follows that if t < 0 there is a Hagedorn-type transition at some finite temperature β −1 at which the free energy has a square root singularity, just as for the Lorentz-invariant case. For t > 0, the free energy is perfectly regular as a function of β and in fact has finite slope at β = 0 corresponding to the energy density saturating at infinite temperature. There is then a smooth continuation to negative temperature β < 0. This is illustrated in Fig. 2 . Since the equation (3.9) is linear, it is satisfied term by term when Z is expressed as a trace over eigenstates of H and P . This allows us to recover (2.16). It is sufficient to consider the case when |L 0 |
where T 10 = P/L 1 = k/L 2 1 . In this limit we have 12) and, inserting (3.11), we find (2.16) after a little algebra.
Open boundaries
Now consider a theory on the finite interval 0 < x 1 < L with open boundary conditions to be specified below. At finite temperature the partition function is given by the euclidean path integral on a finite L × L cylinder withe periodic boundary conditions in imaginary time x 0 . This was discussed for the relativistic case in [10, 24] . In this case the saddle point h * ij (x 0 , x 1 ) is independent of x 0 but not necessarily x 1 . However from (3.3) this implies that the components h * 00 and h * 10 are also independent of x 1 , and therefore constant, as are T 11 and T 01 , from (3.2). If we now require that the energy current T 01 vanishes at the boundary, then in fact h * 10 ∝ T 01 = 0 everywhere. The saddle point action is thus ∝ h * 00 h * 11 dx 1 and thus depends only on the uniform mode of h * 11 . We therefore come to the conclusion, as for the relativistic case, that the integration is localized on uniform values of h 11 and h 22 , with h 10 = 0. This leads to the evolution equation [24] 
In [24] it was shown that if we then write Z as a sum of terms of the form e −L E (t) (L) then E (t) (L) once again satisfies the inviscid Burgers equation, (2.16) with P = 0. Note that in this case the precise form of the energy current is immaterial, and therefore this result is independent of the ansatz (2.12).
S-matrix
As for the relativistic case, the deformation implies a CDD factor dressing of the S-matrix. To see this for the 2-body S-matrix, we may generalize the argument in [4] . For large enough R compared with all other length scales, we assume that there are single-particle states with energies E(p) = ω(p), where p = k/R, k ∈ 2πZ, and also 2-particle states with zero total momentum and energies E (t) 2 (p) ∼ 2ω(p (t) ), where now 2p (t) is the relative momentum, quantized according to
where ∆ (t) (p) is the 2-body phase shift. Substituting this into (2.16) leads, after a little algebra, to
This corresponds to a dressing of the 2-particle S-matrix by a CDD factor e −2itω(p)p , thus generalizing the relativistic result by the replacement p 0 → ω(p). For example, for nonrelativistic potential scattering,
where M is the inertial mass.
Other deformations
Although we have focussed on the det T deformation, in fact much of the analysis extends straightforwardly to any pair of conserved currents (J, J ) in 1+1 dimensions, not necessarily assuming Lorentz invariance. For if ∂ j J j = ∂ k J k = 0, we can write, locally
so that an infinitesimal deformation proportional to
2) is therefore a total derivative. On a torus, because χ and χ are not necessarily singlevalued, it will integrate up to
where Q a , Q b are charges flowing around each cycle (a, b) (there are also some geometrical factors). Equivalently, following Zamolodchikov, we can write
so that, in an eigenstate of H and P ,
where the sum is over states n degenerate with n. If Q 0 and Q 0 commute with H and P we can simultaneously diagonalize them and assume that n = n. For this to iterate then Q 0 and Q 0 must also commute with the deformation. If they generate a symmetry it is sufficient that the deformation be invariant under this symmetry. Besides taking J j = T 0j , J j = T 1j , corresponding to the the det T deformation, we could consider J j as generating an internal U(1) symmetry and J j = T 1j or T 0j . This violates parity or time reversal, but satisfies the conditions above. For the relativistic case it has been considered in [14, 25] . Similarly in [4] examples were considered when J or J represent higher spin currents.
Summary
In summary, we have shown that the solvability of the det T ("T T ") and similar deformations of two-dimensional theories extends straightforwardly to non-Lorentz invariant theories. This includes a large of number of interesting examples of lagrangian field theories which possess a local stress-energy tensor, for example Lifshitz-type theories, nonrelativistic fluids, and classical stochastic field theories such as relaxational dynamics, reaction-diffusion systems, the KPZ equation, and directed percolation, to name just a few [26] . We showed that in all these cases, the finite-size spectrum obeys an evolution equation similar to that in the relativistic case, in fact identical for states in which the mean energy current vanishes. For other states it was necessary to make an ansatz for the form of the current in order to obtain explicit results. However this equation appears in general to have non-perturbative solutions whose significance is at present unclear. In general all these deformed theories for t < 0 have a Hagedorn-type density of states. For t > 0 the energy density saturates at a finite value at infinite temperature, with another branch corresponding to negative temperature.
The arguments of this paper suggest that the deformation of any translationally invariant local hamiltonian by a term of the form T 00 · T 11 ∼ energy density × pressure (6.1) (for zero energy flux) should in fact possess many of the characteristics of the T T deformation which have been discussed in the literature in the context of relativistic theories. It should therefore be a very general feature of many physical systems in 1+1 dimensions.
which may perhaps be described as soft-core scattering. It can be checked that in perturbation theory is gives rise to a phase shift of the form (4.4). At the next stage of the iteration 3-body interactions are generated. It is simpler to find the full solution in second quantization, assuming a euclidean Lagrangian density of the form L = 1 2 (φ * ∂ t φ − φ∂ t φ * ) + F (X) , (A.5)
where X = ∂ x φ * ∂ x φ. From Noether's theorem and the equations of motion T 01 = (∂ t φ)(∂ x φ * )F + (∂ t φ * )(∂ x φ)F , (A.8) 9) where the last expression is up to a total derivative. Note that if F (X) = X then T 11 + 2T 00 = 0 as expected for a scale invariant theory with z = 2. Working for simplicity in the P ∝ T 10 = 0 sector, the deformation is ∝ T 00 T 11 so we may write the evolution equation for the Lagrangian
This may be solved directly by the method of characteristics, or transformed into the inviscid Burgers equation by substituting F = X 1/3 G, Y = X −1/3 , with implicit solution.
F (t, X) = X (1 − tF (t, X)) 2 .
(A.11)
This gives a kind of non-relativistic version of the Nambu-Goto action. At P = 0 the solution is more complicated.
